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Math 522 (Moloney): Homeworl 4 6.14.80

6.14.80:

Show that equations (123), (126), and (127) imply the relations

. o 5
V2py — 0,V = f Qo2 %1
/ /D (e1V 02 — 02V ) dc dyy c(gol 3 P25 ds
[ [ 9% + ol udy - § e32as
D c on-

fj Vchd.'z:dy=j£ Qfds
o] c On

where ¢ = p(z, y) and V? = (8%/822) + (8°/8y?), and where D is the region in the zy plane bounded by
C.

@) [ Jp(p1V%02 — 2V70;) dzdy = §, (Wl%ﬁ‘ - 502%35“) ds
Let v = ¢1 Vg, let v* =V, and let V = v~ v*. Then

Vo v=V%p + (Fya) » (Vioy)
Vo v* = 0aV201 + (Vip1) o (Vipg)-
V=01Vypz — 03V
VeV = Va(v—v") = Vev-Vev" = V%%, -0V,

Now consider equation (123):
//L(w1va¢g — 0aV20y)dr = _@5 n e (p1Vipp — 02Vir)do
‘ 2]

We know that the integrand on the left-hand side is equal to V « V, and the integrand on the

right-hand side is V, so we can rewrite (123) as

fffnv-vczr=§?n-v¢a.

This is simply the 3-dimensional divergence theorem. The two-dimensional divergence theorem

" is almost identical: .
j/ v. VdA=j£ ne Vds.
D C

6.14.80 continued on next page...
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Math 522 (Moloney): Homework 4 6.14.80 (continued)

Consider now the right-hand integrand:

ne V=mne (Vs — V)
=n+pVp, - ne Vo,
=p1ne Vs = pane Ve,

= p1(ne Vir) — pa(ne V)

e U
_“"‘(an)"“’”(%)'

//v-vmzj{ ns Vds.
D (o4

a bS]
_/_L(%ngpz—w‘??@)dmdy:i(%_a"_:lz,%% ds

Hence we can say that

®) [ [pleV?e + (Vo) ldady = 4,088 ds

Equation (126) reads
2 2 E(;
_//f[sﬂV ¥+ (Vo) ]dT——ﬁsoa de

The left-hand integrand is

V2% + (Vi)? = oV o V + Vg » Voo
=V.e (Vo)
=V (V).

The right-hand integrand is

w% = p(n«Vy)

=ns (pV).

Now if we let V = (¢Vy), then equation (128) also reduces to the 3-D divergence theorem. Thus

we can insert V into the 2-D version and expand it out, yielding

[ [#9% + @oidzay = § 5as

6.14.80 continued on next page...
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Math 522 (Molaney): Homework 4

6.14.80 (continued)

V2pdz dy < $o224ds

Equation (127) reads
2 _ Oy
//./Rv lpdT-gsgﬁ—dU‘

If we examine the integrands here, we see that V% =VaeVpand I <
V = Vo,

obtain

ne V. Thus if we let
this equation again eimplifies to divergence theorem, Plug it into the 2

VRodr dy = _65‘ 3.
// pdz dy f@ da

-D vergion to

Y
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6.14.81

Want to verify that

/ f [6V%¢ + (Vo)?] dady = }{ ¢.§§d$

When ¢ = & and D is the circular disk of radius a with centre at the
origin. Note that

0p &8z Oz
= m— = — = cogf

dn~ 8n  or

Left-hand side: ¢ =2, V2 = V2% =0,(V¢)’ = (V¢)- (V) =i-i=1

This leaves
f dady = area of circle of radius a = wa?
D
Right-hand side: ¢ = x, gg = cosf and put z = acosf to give
3¢ 7, .
?[d)ggds = acos® !« ad¢ since ds = adf
Y J
a? 7
= = (cos 20 + 1) dd
0
‘ 0
a? [1
= — |=5sin2046
5 { 5 sin 28 + z’,]
= 7ol
ie LHS. = R.HS.

as



B2/19/2099 @8:52  520-621-1510 ACMS PAGE

We get

2
v.dr = f(—sin29+200529) de
0

Q&S\'

27

1 1
= /(—§+§c0329+1+cos26')d9

a
27

1 3
/(+§+§cos2z9) dé

b

1 3 . o
= 59 + ZSIDZ&

0

= j{v-dx‘zw

c

iLe. L.M.S. R.H.S.

/fsﬁ-(va)da - }(v-dr

c

Il

~

7

v = yi

f vV.dr = 7[ ydz  on unit circle 2* + 3% = |

c
2n 2

= /sinzgdﬂ:—zfdfn’:—vr
0 2 0 _

from (88)

a6



B2/19/2803 B8:52 520-b621-1518@ ACMS P&GE BY
' —

Math 522 (Moloney); Homework 4 6.16.88

6.16.88:

Verify the truth of Stokes’ theorem, as given in Equation (133), in the case when V = yi+2zj42k,if
C is the circle 2% + y? = 1 (or z = cost, y = sint) in the «y plane, and S is the plane area hounded by C.

Equation (133) reads

f-/;HO(VX V)do-zfc'\fndr.

First we will integrate the left-hand side. Consider the integrand

ne(Vx V),
First note that
_ (3 BV, .[OV. &V, 8, Ve
va"(ay_"a?) J(@z E) k(“a?"a;:)
={(0-0)+j(0~0)+ k(2~1)
" =0i+0j+1k
= k.

Now n is the unit vector that is normal to the surface. The surface in quegtion is a subset of the oy
plane, 50 we need do ne calculations; the unit normal is n = k.

Our expectation is as follows: since n and V x V are both k, the integrand will simplify to 1, leaving
the integral on the left-hand side integrating the area of the unit circle: 7.

2r ol
/f1d0=/ f rdrdf
s 1] [a]
2x 21
o 2o

6.16.88 continued on next paga...
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Math 522 (Moloney): Homework 4 6.16.88 (continued)

Now let us consider the integral on the right-hand side:

fVOdr

Since we will be parameterizing the circle, it is helpful to recall that

% =cost =>dzr = —gintdt ¥ =8int = dy = costdt.
Using equation (82), we find that

V-dr=l/§dm+1/§dy+V3riz
A =ydo+ 2zdy + z2dz
= sint(—sint) -+ 2 cost(cos t) + 0

= 2cos’t — sin? ¢,
Since in this case sin?¢ + cos? ¢ = 1, we can rewrite our integrand as
2cos?t — (1~ cos? t) dt = 3cos? t — 1 dt.

Now we integrate this aver the unit circle:

27
j[V-drzf 3cos?t - 1dt
o 0

29 vy

= 3cosztdt—-/ 14t
0 0

2nr
=3 f cos £t - 2. M
o
Now to calculate the integral of cos? ¢ df, we will need to integrate by parts:

2’r 2” P
+ / sin” t dt
[¢] Jo
L

=0 (1= coa?t)dt
(o}

et ] 29
=f ldt—f cos® £ dt
[+ 0

2m
- 211'——/ cos?tdt
0

2o

cos® tdt = costsint
]

zmr
2/ c0s? ¢ dt = 2
0

2x
/ cos?tdt = .
0

6.16.88 continued on next page. ..
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Math 522 (Moloney): Homework 4 6.16.88 (continued)

Thus our integral (1) can be solved:

V1.4
J[ V-dr=3/ cos? ¢t — 21
c 0
=3(n) - 2r

= .

Now we see that for the given conditions, Stokes’ theorem holds:

/'[sn-(Vx V)da-:vr—-:'?gV-dr.
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6.16.93

Stoke’s Theorer is given by

fﬁﬁ‘-drz//(VxF)»da
c §
Want to apply this to the following:

< . =3 8
fE dr-—aZ}E.S/fHoda, fH-dr:ﬁ%{/E-da‘

Thus,
fE-dr——-{f(VxE)-dcr
and
fH-dr=[/(VxH)~da
Thus,

OB

SH
VxE:—a‘mldeHzﬁ—
ot

ok

J’
|
f

P&GE

1@
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Math 522 (Moloney): Homework 4 6.16.97

6.16.97:

For the coordinates of Problem 96 derive the relations analogous to those of Equations (168b-e) for
circular cylindrical coordinates, In particular, verify that

=hy =aVeosh®u —cos?v, 4

s = 1,
fsinhucosv + jeoshusinw
= U JUORLUSINY

V/cosh? w ~ coshe ¢ ’

. —lcoshusinv + jsinhucosy

u; = 3
v cosh‘ u—cosh?y
1 af
Vf= : ( 5 + ug ) + k
av/cosh?u — cos? v " Bu *ov 3”
1 0%f  8F\ 9
2f
Vif= 0?(cash® « — cos? v) (3u2 T B ) XN
Show alse that for large values of u there follows
ug ~ fcosy + jsinw, uz ~ —isinv 4+ jcosw,
and
U3 Cosv — uzsinY ~ i, u; Sinv 4+ ug cosv ~ .

Problem 96 defines elliptical cylindrical coordinates by the equations

Z =acoshucosy, y = asinthwusinw, z=2z, foruz20 and 05w <2n.

Our coordinates will look Jike (u,v,2), and the position vector is
r=acoshucosy i+ aginhusiny j+z k.

We will start with finding the basic vectors Uy, Uz and Uj, First we need the directions:

U, = ? = (acosvsinhu) i<+ (asinvcosh)j.
U, = g? = (~acoshusiny) i+ (asinhucosv)j.
or
o k
U; Ep

6.16.97 continued on next page...

11
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Math 522 (Moloney): Homework 4 6.18.97 (continued)

Now since U; = &) 1y, we need to normalize U, by its length, that is, find hy:

hy =y

= +/(a cosusinh )2 + (asinvcosh )2

= va? cos? v sinh? u + ? sin? v cosh? u.

= aV/coa? v 8inh® u + gin? v cosh &

= a\/ cos? ysinh® u + (1 - cos? v) cosh?

= aVcos? y sinh® 7, + cosh® 1 — cos? veosh® u

= a\/cosh? 4 ~ cos? v cosh? u + cos? v sinh? 7

L}
= a\/ cosh® u — cos? v(cosh? u ~ ginh? u)

= a.\/(:os,&h2 u — cos? v(1)

= av/cosh®u ~cos?y. «

Similarly, we will need to find hg:

he = ||

= y/(—acoshusinv)? + (asinhucos v)2’

/ - - ,
= v/ a2 cosh? usin? v + o2 sinh? u cos? v

= aV/cosh? usin? v + sinh? weos? v

=qaVeosh?y —cos?v.

=h1. \/

The norm of Uj is easy, it's already a unit vector, k,so by =1. v

U
Since 1y = % and ug = —’*z—z, we can see that
3] 2

u cos v8inhw i 4 sinvcoshu j
= U T emucoshul

1= = v
v/ cosh® % — cos? v
~ cogshusine i+ sinhucogv j
Ug = —] e

Vcosh? 4 — cos?v

6.16.97 continued on next page. ..
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Math 522 (Moloney): Homework 4 6.16.97 (continued)

We can use equation (157) to find V£:

_w Of us Bf 3 af
vi= hy Oy T ho Buz g s Buz
w 8f | up 8f af

TR Bu; T hr Buy T W5,

1 af 8[) of
= E; (U.;a—u:l‘ + 11g 3 v + u 3(9“
Bf
= + u ) -+ uz==. V
o cosh2u cos? v 2 dz

It follows from equation (166) that V2f is

2 1 0 hghs a hgh]_ a3 hlhg J
VI = fahs [%I (leiz)*aug ( ha auz) 8_%( hs ausﬂ /
18 ([ 8 3 8
:Ff[a—u; (Ha_m) +.372-(h1 3“2) 3“3( *Buy ]
_f178 a 8 (a ij g
{5 o () 3 (30 + o ()} £

178 & &’
s |5z 2 e}

_ 1 &f  &f + &f
" a%(cosh?u — cos? v) 52 T 2| " B2

Now about those hyperbolic trig functions... They are defined as

et gt e® + e
and cosh(u) =

sinh(u} =

The intuitive argument is simplest. As u gets “huge”, sinh and cosh approach each other asymptotically:

ghuge _ o—huge huge — tiny  huge
i —_
2 2 2

sinb{huge) —

chude o emhuse  pyge fting  huge
— —
2 2 2

cosh(huge) —

Since cos is bounded between 0 and 1, the cos term in the denominator will be swamped by the un-
bounded cosh term. Thus the hyperbolic terms jn the numerators will be “cancelled” by the cosh term

in the denominator, leaving

Wy ~ icosv+ jsinwy, Up ~ —ig8inv + jcosv. v

6.16.97 continued on next page. ..
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Math 522 (Moloney): Homework 4 6.16.97 (continued)

13 CO8Y ~ cos® i+sinvcosy j

~uzsinv~sin2vi—~sinvcosvj

1y oSy — uzsinv~coszvi+sinvcosvj+sin2v i-ginvcosvj
~ (sin® v + cos? v) i

~i v

u; siny ~sinveoaw i+sin2vj
Uz 0059 ~ —sinvcosv | + cos? v j
ur Sinw + Uz cos v ~ sinwcosv i + sin? v j — sinv cosw i+cos?vj
~ (sin? v + cos? v) j

Nj. /

14




