6.5.28 If F is a function of ¢, find the derivative of

.dF  d°F
F dtxdt2

Solution

By definition,

d JdF . d°F | _ dF , dF ., d°F Jd°F ,, d&°F .dF  &F
[F ]—dt dtx +F X +F X

dr dr T dp? dr? drr = dr? dt = 4

By the identity a.b xc = a xb - ¢ we see that

dF ,JF  d°F _ d&F dF  d°F _

* =

e dt  dr? dt =~ dt  dr?

Also %ZE X ﬁiditz'-:— = 0 | which leaves us with

i[F,ixsz]_F dF , d&°F

at ar 1T A

dt = dr? a = de

6.5.32

Let r =xi +3j +zk represent the position vector from a fixed origin O to a point P, and
suppose that the xyz axis system is rotating about a fixed vector @ through 0O, with angt
velocity of constant magnitude w.

(a) By calculating % and noticing that % = o x i, and so forth, obtain the velocity
vector in the form

V=V, +oxr

where the vector

_dx;, Wi dz
Vo = gt i+ gk

is the velocity vector which would be obtained if the aces were fixed.

Solution

jlar




dej, Ds dzk+x +y—+z‘gt(

) -
2 A dr
because 1, jand k are changing in direction.

use

Therefore

is thedine gr velocity as in non-rotating coordinate system.

(b) Obtain the acceleration vector in the form

a=a,+20xV,+0x(@xr),

where v, is defined in part (a), and where

Px; Ay, &z
ao _L |
dt2' 2’ dtzk
Solution
_dv _d gy .5.dr
a= dt dr Vo TP g

_ A, Vs Lrfodx A D b 4
dﬂ dtz'] dt2k+dt da T dr T atar

+ o x(V, + @ x I)

-

= a4+20XV+0 X0 X

&|§=>




6.6.34

(a) If 9 is polar angle, show that the vectors
u; = icosf+jsinG, u, = —isind +jcosb

are perpendicular unit vectors in the radial and circumferential directions, respectively, jin

the xy plane, and that
du,
do

dU2

= Uy, —d-o—— = —Uj.

solution
(a) u; = cos@1+sindj
u, = —sinfi + cosfj

lug || = (cos26 + sin%0)

. . = Uy, U, are unit vectors
luz || = (sin®@ + cos?0) 7

u; - U, = —cosfsmd + sinfcos
=0

= Uy U, are perpendicular (in the radial and circumferential
directions respectively).

du1 _ PR _ 5

30 - —sinf1+cosff = U, .
A A

a;l;lgz = —cosO1 psinfj = 4  — (ca,r,:Q C «5'»_5’7%&9\) ) S M!

(b) For points on a plane curve in polar coordinates, the position vector is of the for
r = ru, By differentiation with respect to time ¢, obtain expressions for the vectors of
velocity and acceleration of a point moving along the curve and show that the radial an
circumferential components are of the form

v, =F, Vo = 10,

e .. 1 d .
a,=¥F—r0%  ag=ro+20 = o £-(r%9),

where a dot denotes time differentiation. [Notice, for example, that u; = (dul )0.]

m




Solution

dr _ _duy , r =ru;

V—dt——ru1+r 40 .
= ju; +ru, u; = d@le
‘ A P

oo U R A Vel = VMY e O

>v, =1 vo = 10

a=av _ dg 2

=4t dt(ru1+r9u2)

du,
= U + 7 a;:,jel 0 + idu, + rfu, + =2 7 29

= U, + U8 + Fu, + rdu, — rf?u,

= ('r"—réz)ul + (I’é+2i’é)“2

a=u +Uu,
#u

(r26)

>a,=F-—rd? ag=r0+2i0= %

Q..la_‘

6.6.37
(a) Show that
1g-du _u _ @-op"-@-rr _ @ xr)xr
p ds s’ ’rI|4 | Ir,|4
Solution
da da
da _ _dt _ dt
ds ds =7 =7
dt r r
U' = ;I sl :;:, . ;,




=1 =/

-/ -/ =l —!
da _(r -r)r —(¢ - rr

=TT
dt (r or)?
triple vector preduct
da ~1 N -1 il ~1 1t -1
da _ _d _ (@ -xr)r -@ - r)r _(rxr)xr
e =1 |4 N =1 4
ds rl -rl l.r , |r

(b) Use the identity of langrange [Equation (36)] to obtain the resuilt
(' xryxr'}=rxr"|r|

Solution
Identity of Lagrange

(@axb)-(axb) =(a-a)b-b
|(F, X F”)x ?I |=YJ((—I:I P ?")x F/)-((?I P F”)x F’)

—1! ~ff -/ i —~f -/ - -1 -/ 2
= (rxr)-(rxr)(rxr)—((rxr)-r)
-7 i -/ -/ = -/
obecause (r xr ).«r =(r xr )er
= Pl ! 1 (1!
r x r )2 =irxr"|r|
(c) Deduce the following results

1 _ ' x r"| nz(r’x r') xr
p o Il‘.ll3 2 Irl x rll“r!]

‘Solution'
From

- -1 -/
r xr ) x r
P - l-! 4

r




(part a)

f N7 ~f —~7 ~I )=t
. I(rxr)xrl |rxr“r|
75'= ~7 4 = ~! 14
" | " |
" N7
P ox 7|
" |
-/ = -/ -/ = -/
(rxr)xr , {r1|3 (rxr)xr
ﬁ=p 7 4 = I ) ~7 4
r | vl
-t 1! -/
(r x T )x r
= ST =T =7
,r ||r x T |

6.7.47

Determine the unit vector normal to the surface x* —xyz +2° = 1 at the point (1,1,1).

Solution
@ =x>-xyz+23-1
A = v o _ PBx? —yzfi H(—xz)f +(32° —x)k
7ol i
at (1,1,1) |
: Vo =2i-j+2k
lv (pl —Ji+1+4 =3
Therefore

f = i% (21 -j+2k)




6.8.49

Showthat V-.(v)=xV.v+i-v and Vx@Vv)=axVxv+ixv.

Solution

therefore

Il
*
<1
<!
+
-
<!

]
>
<1
b
<!
+
—y
X
<\

6.9.56

Showthat VZu=0 if Vxu=V¢andV.u=0where ¢is a scalar function.

Solution
0
e
VxVxu=V({V-.u)-Vau=-Vu
V x (V¢) = —V2u
=0

Viu=0




6.9.57
If v=¢,V¢,, proveVxvis L tov
Solution

Vx Vv =Vx (¢1V¢2)

Write u = V¢, :
Vx(@u) =¢Vxu+Ve; xu

= $,V x Vo + V1 x Vo3
e ——

curlgrad =0
ie.Vxv=Vx ¢1V¢2 = V¢1 XV¢2
Ve (Vx V) = $:1V92 - (V§1 x V§2); but Vs L Vo1 x Vo

andsov-(Vxv)=0, ie.vi(VxV)




6.8.51 U (V 3
Prove that (u-V)¢ =

Let u = u,i+u,j+ u, k
What does the left-hand side give?

V=ul 0 G,
u.v Uspo +"yay+"’az

u-v)p = uzg¢ +uya¢ +uzaz

What does the right-hand-side give?

V¢ = a"5|+ a‘/’j+ a‘l’k
L (V4) = un 22 a"’ a"’ 9

+u +u
7oy “ oz

u-v¢=u- (V¢)




